Abstract. Let F q (q = p r ) be a finite field. In this paper the number of irreducible polynomials of degree m in F q [x] with prescribed trace and norm coefficients is calculated in certain special cases and a general bound for that number is obtained improving the bound by Wan if m is small compared to q. As a corollary, sharp bounds are obtained for the number of elements in F q 3 with prescribed trace and norm over F q improving the estimates by Katz in this special case. Moreover, a characterization of Kloosterman sums over F 2 r divisible by three is given generalizing the earlier result by Charpin, Helleseth, and Zinoviev obtained only in the case r odd. Finally, a new simple proof for the value distribution of a Kloosterman sum over the field F 3 r , first proved by Katz and Livne, is given.
Introduction
Let For a more complete survey the reader is referred to [4] . The bounds above are obtained by using Dirichlet L-series over F q [x] and the Riemann's hypothesis for function fields over a finite field. In this paper we express P m (a, b) in terms of the numbers N t (a, b) of elements x ∈ F q t (with t | m) satisfying T race(x) = a and Norm(x) = b (T race, Norm are from F q m onto F q ), which, in turn, are expressed in terms of exponential sums. This opens up a possibility to calculate P m (a, b) explicitly in certain special cases. Moreover, we shall obtain an improvement of the bound (1.1) if m is small compared to q, more precisely, if m ≤ proved by using deep algebraic geometry. The Katz bound with m = 3 plays a significant role in the proof by Cohen and Huczynska [10] of the existence of a primitive free (normal) cubic polynomial with a ( = 0) and b fixed, which completed a general existence theorem (see also [3, 5, 4] ). We shall improve the Katz bound in this case. In fact, we get sharp lower and upper bounds for N 3 (a, b), and, as a corollary for P 3 (a, b), by using only the Hasse-Weil bound for elliptic curves together with a simple divisibility argument.
Another special case where the Katz bound can be improved is the case m = p k for some k. Especially, if p = 3 (resp. p = 2) a result on the distribution of irreducible cubic (resp. quartic) polynomials in F q [x] with trace and norm prescribed is obtained in terms of Kronecker class numbers by using the known value distribution of a Kloosterman sum over F q [12, 13] .
Next, necessary and sufficient conditions for a Kloosterman sum over F 2 r divisible by three is given. In the case r odd this result follows also from [6, Thm. 3] . Finally, a new proof for the value distribution of a Kloosterman sum over the field F 3 r is given. The proof uses only elementary properties of elliptic curves together with a result by Deuring [8] which lies deeper: the knowledge of the number of isomorphism classes of elliptic curves over F q having q + 1 + t points with gcd(q, t) = 1.
Basic formulae
The aim of this section is to establish a link between the numbers N m (a, b) and P m (a, b), and to give basic formulae for N m (a, b) and P m (a, b) in terms of exponential sums. The formulae will be studied more closely in later sections. m, p, r fixed positive integers, m ≥ 2, p a prime F q the finite field with p r elements a, b fixed elements in F q , b = 0 P m (a, b) the number of irreducible polynomials
the trace function from F q t onto F q Norm t (x) the norm function from
the set of the elements x in F * q t with tr m (x) = a and Norm
the number of elements in S t (a, b) µ the Möbius function χ and e the canonical additive characters of F q and F q t X (F q ) the set of rational points on an algebraic curve X defined over F q
The following two lemmas relate the numbers P m (a, b) and N t (a, b):
Lemma 2.1.
Proof. Let
, and now by Möbius inversion formula a, b) and M 2 = 0, the lemma follows in this case. Assume k > 1. By Lemma 2.1 we have
Moreover,
and the proof is complete.
Next we derive a formula for N t (a, b). First, we observe that if a = 0, then
and tr t (x) = Second, we see that
where j runs over the set {0, . . . , 
Proof. Let α be an element in F q t with tr t (α) = t/m. Now, by (2.3) and by the orthogonality of characters we get
Zero trace
In this section we assume that a = 0 and simplify formula (2.4) by using Gauss sums and some very elementary group theory. This will enable us to obtain an improvement of the Katz bound and the Wan bound in the case a = 0. We use the following notations:
H n the subgroup of order n of the multiplicative character group of F q λ 0 the trivial character of H n For a multiplicative character ψ of F q t we define a Gauss sum
Lemma 3.1. Let n be a factor of q − 1 and let α ∈ F * q t . Then
Proof. It is easy to see [14, p.217 ] that
where H ′ n is the subgroup of order n of the multiplicative character group of F q t . But the surjectivity of Norm t implies that
, and d | ind g b. Now, by Lemma 3.1 we get
where n = gcd(q − 1, t). Since
where s = gcd(n,
). Thus,
implying the following 
where s = gcd(m, q − 1).
We can now prove an improvement of the Wan bound (see (1.1)) in the case a = 0 and m ≤ 3 2 (q − 1):
Proof. Since d ≤ m/t, it follows from (2.2) and (2.3) that the numbers M 1 and M 2 in Lemma 2.2 satisfy
and now, by Lemma 2.2 and Corollary 3.3, we get
By Lemma 2.1, Theorem 3.2, (2.3), and (2.2) we get explicit expressions for P m (0, b) e.g. in the following special cases:
Non-zero trace
In this section we assume that a = 0. This case is much harder than the zero trace case, and we are not able to find such a simple expression for N t (a, b) as in case a = 0. The best we can do is to give N t (a, b) in terms of the number of solutions of a system of equations, and estimate that number by using the Katz-bound. This method will lead us to get an improvement of the Wan bound also in the case a = 0.
Let n = (q − 1)/d. By Lemma 3.1 and by substitution c → −a −1 0 c we see that σ t (a, b) (see (2.4)) can be written in the form
−t 0 and use Davenport-Hasse Theorem [14, p.197 ] to get
Now, by the definition of a Gauss sum we get
and consequently, by substituting x 1 → −ux 1 , . . . , x t → −ux t , we obtain
We can now prove the following
where N(c i ) is the number of solutions of
0 . The orthogonality of characters implies that
and consequently
and now, by (4.1), we get
Here
and it follows that
Lemma 2.3 now completes the proof.
Lemma 4.2. Let n be a positive integer and let
Proof. Choose m = t = n, and a = 1, b = c. Now d = gcd( m t , q − 1) = 1 and we choose i 0 = ind g b (see (2.3) ). Now c = g i 0 /a t , and by Theorem 4.1 we get
or, equivalently,
.
The Katz bound (1.2) now completes the proof.
We are now able to prove an improvement of the Wan bound (1.1) in the case a = 0 and m ≤ (q − 1):
for some c ∈ F * q . Now, by Lemma 4.2
If t is odd, then
for some c ∈ F * q , and
Hence, bound (4.2) holds in this case too. Now, by (4.2), it is clear that the numbers M 1 and M 2 in Lemma 2.2 satisfy 
< 1/(q − 1), and so the proof is complete.
Cubics and cubic extensions
In this section we assume that m = 3. Now the system of equations defined in the previous section is of degree 3, and therefore we can give N 3 (a, b), and also P 3 (a, b), in terms of the number of rational points on a cubic curve defined over F q . Some elementary manipulations of cubic curves together with the Hasse-Weil bound for elliptic curves, and the link between P 3 (a, b) and N 3 (a, b), will then lead to a sharp bound for N 3 (a, b), which is also an improvement of the Katz bound in the case m = 3. The following result is a key for such an improvement:
Theorem 5.1. Let c = ba −3 , and let X be the projective curve over F q defined by
Then, N 3 (a, b) = |X (F q )| and 
where N(c 0 ) is the number of solutions (x, y, z) in F 
where the sign is plus if p ≡ 2 (mod 3) and 2 ∤ r, and otherwise the sign is minus.
Proof. If p = 2 then the equation of X is y 2 + (x + 1)y = x 3 . This equation has only three solutions with x = 0, 1. By substituting y → (x + 1)y, we can write the equation in the form y 2 + y = x 3 /(x + 1) 2 , and then by substitutintg x → x + 1 we get the equation
Since the absolute trace of x −1 + x −2 equals zero we have χ(x −1 + x −2 ) = 1, and therefore equation (5.3) has exactly x∈F * q \{1}
(1 + χ(x + 1)) = q − 2 + χ(1)
q with x = 0, 1. Hence, in the case p = 2, |X (F q )| = q − 3 − χ(1) + 3 + 1 and P 3 (a, b) = (q − χ(1))/3.
Assume p = 2 and write the equation y 2 +cy+xy = x 3 in the form (y+
(c + x) to get
).
Finally, by substituting
, we see that X is isomorphic over F q to
Let F be the set of finite points of C and let F ′ be the set of finite points of the curve C ′ defined over F q by
. We note that the map (x, y) → (u = x, z = y x ) from F \ {(0, 0)} to F ′ is injective, and it follows that |F | = |F | ′ ± 1 depending on whether the equation
has, or has not, a solution in F q . Hence, |C(F q )| = |C ′ (F q )| ± 1 = q + 1 ± 1, and now, by Theorem 5.1, we get P 3 (a, b) = (q + 1 ± 1 − 1).
We can now prove an improvement of the Katz bound in the case m = 3:
Proof. By Lemma 2.1 we have 
and therefore
Since 3P (a, b) = N 3 (a, b), the proof is complete in case a = 0 and p = 3. Assume next that a = 0. It is easy to see that if X : y 2 + cy + xy = x 3 is singular then p = 3 and c = 
Degree a power of the characteristic
An improvement of the Katz bound can also be obtained in the special case m = p k (> 2) as we shall see in this section. The key point is that in this case the number of solutions of our system of equations, and therefore N m (a, b) and P m (a, b), can be given in terms of hyper-Kloosterman sums over F q which can be estimated by the Deligne bound obtained in [7] (see also [14, p.254] ).
In the special cases (p, m) = (3, 3), (2, 4) we can go even further since then we can use the known value distributions of Kloosterman sums to get fairly precise information on the distribution of the irreducible cubic and quartic polynomials over the fields F 3 r and F 2 r , respectively. These cases are condidered in subsections 6.1 and 6.2.
For a positive integer n and c in F * q let k n (c) be an n-dimensional Kloosterman sum (or a hyper-Kloosterman sum):
Proof. Apply Theorem 4.1 with m = t to get
where N(c) is the number of solutions of
Obviously N(c) is equal to the number of solutions of
and therefore, by the orthogonality of characters, we get
Now, by substitutions x 1 → x 1 /u, . . . , x m−1 → x m−1 /u, and by noting that x → x m is a permutation of F q , we get
The inner sum equals q − 1 or −1 according as
and the Deligne bound concludes the proof.
By Theorem 6.1, equation (2.1), and Lemma 2.1 we get an expression for P m (a, b) in terms of a hyper-Kloosterman sum:
6.1. Irreducible cubics over F 3 r . Next we consider the number of irreducible cubics P 3 (a, b) when q = 3 r . The main result of this section is the following:
Corollary 6.3. Let q = 3 r and let a, b ∈ F q with ab = 0. Then, P 3 (a, b) = (q + 1 + t)/3 where t is an integer satisfying the following two conditions: 
Conversely, for a given integer t satisfying conditions (i) and (ii) there are exactly
(q − 1)H(t 2 − 4q) pairs (a, b) ∈ F
Theorem 6.4 ([12]). Let q = 3
r . The range S of k 1 (c), as c runs over F * q , is given by S = {t ∈ Z : |t| < 2 √ q and t ≡ −1 (mod 3)}. Moreover, each value t ∈ S is attained exactly H(t 2 − 4q) times.
Example 6.5. Let q = 3. If t is an integer satisfying conditions (i) and (ii) then t = −1 or t = 2. There should be exactly (3 − 1)H(1 − 12) = 2 pairs (a, b) with ab = 0 and P 3 (a, b) = 1, and exactly (3 − 1)H(4 − 12) = 2 pairs (a, b) with ab = 0 and P 3 (a, b) = 2. Indeed, the two pairs (a, b) for which there is exactly one irreducible polynomial (2, 2) , and the corresponding irreducible cubics are
The two pairs (a, b) for which there are exactly two irreducible cubics are (a, b) = (1, 2), (2, 1) and the corresponding irreducible cubics are
Finally, for a pair (0, b) there should be, by Example 3.6, exactly one irreducible cubic. Indeed, the corresponding polynomials are
Thus we have counted all the eight irreducible cubics in
6.2. Irreducible quartics over F 2 r . We conclude Section 6 by considering the number of irreducible quartics P 4 (a, b) when q = 2 r . We need the following result by Carlitz which links one-and two-dimensional Kloosterman sums:
Now we are able to prove the main result of this section:
Corollary 6.7. Let q = 2 r (r > 1) and let a, b ∈ F q with ab = 0. Then, P 4 (a, b) = (q 2 + 2q + 1 − t 2 )/4 where t is an integer satisfying the following two conditions: 
Conversely, for a given integer t satisfying conditions (i) and (ii) there are exactly
where N(b) is equal to the number of solutions of
Proof. By Lemma 2.1
By (2.1) the latter sum is equal to N(b). Consider next the first sum. Apply Lemma 2.3 with t = m = 3 to get
Since χ(ca) = χ(c 2 a 2 ) the orthogonality of characters now implies
By Theorems 7.1 and 6.6 we now get The aim of this section is to give a fairly elementary proof for Theorem 6.4. Let q = 3 r , and let c ∈ F * q . Let k(c) := k 1 (c) and let X be the elliptic curve over F q defined by X : y 2 + cy + xy = x 3 .
Lemma 8.1.
Proof. Choose p = m = 3, and combine Theorem 5.1 and Corollary 6.2 to get
Proof. Complete the square to get the equation of X in the form
Then, substitute y → y − x − c, x → x − c to get
and then, substitute x → x 3 , y → y 3 to obtain (y 2 − x 3 − x 2 − c) 3 = 0.
Let E be an elliptic curve over F q . Starting from the long Weierstrass form y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 of the equation of E, it is easy to see (see e.g. [19, p.10] ) that the equation of E can be given in the form y 2 = x 3 + ax 2 + cx + d.
If a = 0 the substitution x → x + e with e = c/a yields the equation Proof. See [19, p.75,p.121] Assume next that E is ordinary (i.e. non-supersingular). We may now assume that E is defined by E : y 2 = x 3 + ax 2 + b.
Lemma 8.4. If a is a square in F *
q then E is isomorphic over F q to X ′ : y 2 = x 3 + x 2 + b/a 3 , and |E(F q )| = q + 1 + t for some integer t with t ≡ −1 (mod 3). If a is not a square, then |E(F q )| = 2(q + 1) − |X ′ (F q )|, and |E(F q )| = q + 1 + t for some integer t with t ≡ 1 (mod 3).
Proof. If a = c 2 for some c ∈ F * q , the substitutions x → ax, y → c 3 y yields the equation y 2 = x 3 + x 2 + b/a 3 . Assume next that a is not a square. Let η be the quadratic character of Proof of Theorem 6.4. Let t ≡ −1 (mod 3) be an integer belonging to the interval (−2 √ q, 2 √ q). By Theorem 8.5 below there exist exactly H(t 2 − 4q) pairwise nonisomorphic elliptic curves E with |E(F q )| = q + 1 + t, and by Lemma 8.3 each of them is ordinary. Now, by Lemma 8.4 each E is isomorphic over F q to X ′ : y 2 = x 3 + x + c for some c ∈ F * q , and finally Lemmas 8.2 and 8.1 conclude the proof. Theorem 8.5 ( [8, 17] ). The number M(t) of isomorphism classes of elliptic curves over F q having q + 1 + t points with gcd(q, t) = 1 is given by
Remark 8.6. Yet another proof of Theorem 6.4, which uses fairly advanced methods, is given in [9] .
